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Renormalisation group study of polyelectrolyte chains
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The Physics Laboratory, The University, Canterbury, Kent, UK

Received 11 November 1980

Abstract. The behaviour of long unscreened polyelectrolyte chains is studied using
field-theoretic renormalisation group methods based on the renormalisation procedure of
t'Hooft and Veltman. Itis shown that a fixed point exists near dimension six and details are
given of the calculation of the critical exponents up to O(e2). Itis also shown exactly that, as
long as a fixed point exists, the radius of gyration Rg is givenby Rg~ N” with v =2/(d =2).

1. Introduction

Polyelectrolytes are macromolecules with ionisable groups that in solution partially
dissociate to give polyions and oppositely charged counterions (Qosawa 1971,
Katchalsky 1953). Asis well known (Oosawa 1971, de Gennes er al 1976, Pfeuty et al
1977, Pfeuty 1978), charged polymers have a much larger size than uncharged
excluded-volume ones, this being a consequence of the long range of the (unscreened)
Coulomb potential.

Nevertheless, when salt or other electrolyte is added in high enough concentration
to the solution, the Coulomb interaction is screened and the polymer chain recoils on
itself. These electrostatic effects on the conformation of charged chains in natural or
synthetic polyelectrolyte solutions are believed to be responsible for many important
phenomena. A good understanding of the conformation properties of these systems is
thus required and, as a starting point, the evaluation of the polyion size in the dilute
regime will be considered in this paper.

In the limit of very low concentration it is assumed that each chain behaves
independently of the others. In this limit, phenomenological calculations of the Flory
type (de Gennes etal (1976) and references therein) show that the radius of gyration Rg
of an isolated polyion grows with the polymerisation index N proportionally to N itself.
More generally, for a chain in a d-dimensional space interacting with a generalised
Coulomb potential given by

V(R)=Q%/eR%™?

Rg is believed to grow as N 3/

More rigorous calculations can be performed, starting from a microscopic model for
the chain configuration probability distribution (Edwards 1966) and making use of field
theory and renormalisation group (RG) methods. These techniques allow us to study
the asymptotic (N - o) behaviour of the chain configuration functions, and thus they
represent a way to calculate its size exponent v, defined such that

lim Rg~N".

N
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In this work we present a detailed calculation of the exponent » for an isolated
polyelectrolyte in a d-dimensional space. The Lagrangian theory of a model system in
which every monomer is carrying a fixed charge and the counterions are uniformly
distributed in the sclution is discussed. The RG treatment for this system is then shown
to give an exact result for the exponent v, valid at least near dimension six.

This same problem has already received attention and has been tackled with similar
techniques by Pfeuty et al (1977). In their letter, these authors successfully calculate the
exponent v for the isolated polyelectrolyte in d dimensions using a field-theoretic RG
method, the details of which, however, have never been published. In their paper they
find the same results for the exponents n and » to order &> as we do, although they
propose that the result for » should be true to all orders in ¢ and give phenomenological
arguments to support this proposal.

The present paper thus completes the work by Pfeuty et al, although it is mainly of
technical interest, as no new evidence is provided for the value v = 1, not yet rigorously
proved, of the size exponent of the polyelectrolyte chain in three dimensions.

The paper is organised as follows. In § 2 the microscopic model is presented and its
equivalent Lagrangian field theory introduced through the use of the celebrated n =0
equivalence theorem (de Gennes 1972, des Cloizeaux 1975), of which a new direct
proof is given in appendix 1. The Lagrangian field theory, a ¢* model with a two-point
Coulomb interaction, is a non-trivially renormalisable one. It is thus transformed into a
new point-interacting field theory through the introduction of a new (Coulomb) scalar
field.

The perturbative renormalisation theory for the new model is presented in § 3 for
the case of general n. In § 4, the critical exponents n and v for the polymer (n =0)
problem are calculated to order £°, using t’Hooft and Veltman’s (1972) dimensional
regularisation and renormalisation by minimal subtraction of singularities. In this
particular RG approach we recover the results of Pfeuty et al and rigorously prove that
the result for » holds to every order in &. Moreover, we show clearly that the validity of
the result depends upon the existence of a non-trivial, stable fixed point in 4 dimen-
sions. Near dimension six, such a fixed point is found by standard e-expansion
treatment. For a general value of n, our method leads to a scaling relation for two
critical exponents of the Lagrangian field theory, whose physical meaning remains
unknown.

Finally, in appendix 3 the renormalisation of the Coulomb field theory is presented
and the exponents n and v recalculated in this framework to order ¢’, reaching results
consistent with the previous calculation.

2. Definition of the model

We consider an isolated polyion in a good solvent, assuming that on each monomer
there is a charge Ze. The Coulomb interaction between pairs of monomers will be
considered dominant and, in this first attempt to calculate the size of the polyion, we will
assume that the distribution of counterions in the region occupied by the polyion is
uniform (de Gennes er al 1976, Pfeuty et al 1977, Pfeuty 1978).

Following the usual procedure (Edwards 1966, des Cloizeaux 1975), we associate
with each point of the continuous chain a vector r(s), where s is the length, measured
along the chain, between the point defined by r(s) and one end of the chain (0 <ss<L,
L = NIl being the chain length and [ the link length). The statistical weight relative to a



RG study of polyelectrolyte chains 1359

configuration € = {r(s), 0<=s =L} of the polyion will be given by

P%, Ly=2Z""(L) exp[~H($)] (2.1)
with
L 2
H(%) =HO+H1=§3—IL ds (d—g(s—s))
L L
+% L ds’ L ds” J‘ dq v(q) exp{—iq * [r(s")—r(s")]}, (2.2)

the partition function being defined as
L
Z(L)= J D% exp[~H(¥)], D% =] dr(s). (2.3)
s=0 -

The function v(q) in (2.2) is the Fourier transform of the bare d-dimensional Coulomb
potential, V(r)= Z2e? srd_z, where the g =0 term has been cancelled by the inter-
action term in H; due to the uniform counterion background. That is:

4nZ’e*/eq?, q+#0,

2.4
0, q=0. 2.4

v(g)=]
The integral { dg ={ d%g/(27)¢ is a muitiple integral over a d-dimensional momentum
space in which a natural cut-off |g|< A= "' is introduced. Finally, 8 = (kgT)"*. The
quantity of interest here is the probability distribution for the chain ends, defined as (des
Cloizeaux 1975)

_ID%8[r(0)~x:18[r(L) - x2] e "®

Glxy, ¥, L) = -‘-D(g o Ho(® (2.5)
and satisfying the property of invariance under space translations:
G(x1, x5 L)=G(x;—x2,0, L)=G(0, x;—x1; L).
The mean-square end-to-end distance is, for instance, given in terms of G:
<R2>=JdRRZG(R,L)/f dRG(R, L), (2.6)

and we will be concerned with the calculation of the size exponent for the poly-
electrolyte chain, defined by the asymptotic behaviour

lim (R*)~L*. 2.7)
Lo
To do so, we will use the equivalence, first established by de Gennes (1972), between
the polymer problem and a zero-component magnetic system near its critical point. In
the limit L -> o the polymer is a critical object and its size exponent is formally equal to
the critical exponent » for the n = 0 magnetic system.
More precisely, the Laplace transform of the probability (2.5),

“dL _
G(xl,xz;S)=J e G (xy, x23 L), (2.8)
0

is formally equivalent to the connected two-point Green function G& (x1,x,) in a
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zero-component field theory with Lagrangian
#161= | dxlrlo @+ Ve - [ dr [ dyleF V- s (T 2.9)

where ;b(x) is a real n »0 component field, V(x) is the interaction potential and
Fo= sl

This equivalence was first proved by using perturbation expansion (des Cloizeaux
1975, de Gennes 1972) and very recently by direct analytic methods (Orland 1980,
Duplantier 1980); a new direct method is however reported in appendix 1. See also
Daoud et al (1975) for evidence of the magnetic analogy of the polymer problem on
more physical grounds. Hence, we will study, in what follows, the critical behaviourof a
system described, in 2 momentum space where the cut-off A is introduced, by the
Lagrangian

"

S81=1 Y. [ dk (o= Kk, (~k)

i=1

.y j dks .. . dkady (k)i (ko (ke + ko) (k)b (k)8 (ko + . .+ k)

ij=1
(2.10)

in the limit #n » 0.

To do so, we will use the field-theoretic RG method in the approach of the
dimensional regularisation and renormalisation by minimal subtraction of singularities
developed by t'Hooft and Veltman in relativistic quantum field theory (t'Hooft and
Veltman 1972) and successfully introduced by Amit in statistical physics (Amit 1976)
(see however Amit (1978) for a general, detailed and elegant introduction to rRG
methods). This particular approach represents a natural way of applying field theory to
critical phenomena, and is technically advantageous as it provides many internal checks
as the calculation proceeds.

It is, however, not convenient to tackle, with RG methods, the critical behaviour of
model (2.10) directly, since (as we will show in appendix 3) the Coulomb-interaction
theory is renormalisable in an unusual way, as the interaction is not a point one. We find
it more convenient to transform the theory (2.10) into another one with point
interaction, to which almost standard techniques can be applied, by introducing a new
field. This new scalar field ¢(x) is defined such that, apart from normalisation factors,

2 = | D& exp(-216) = [ DoDY exp(~LL4, v, 2.11)

The new Lagrangian will be given by

n A

Lig,u1=1 Y, [ dkin+kok)g(—0)+ | dkwpptwh

i=1
n pA
+,‘=21 f dk; dk2 dks g—‘,’ &i(k1) i (k) (k)8 (k1 + ko + k), (2.12)

where go and w (k) are defined by
w(—k)=w(k) and (g0/31)* = —dw (k)v (k). (2.13)
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As the Coulomb interaction is

Ao/4Nk 2, k#0 A Z%*
U(k)={(0,0/ k=0 ﬁ=18 7B €l4 » (2.14)
we can choose
142
k2, k#0
wi)={? Ly S=3h (2.15)

giving
Lo, 1=} 3 [ ko i t0s 0+ akiutou-k)

n

A
+31, 8o 2 J dkq dk, dksi (k1) i (ko) (k3)8 (ki + kay+ k3) (2.16)

representing a point &> y-theory, as it can be written in the form

Ll ¢]= J‘ dxfaroled (0)F +3[Veb (x) I +3[Visr(x)] + (1/31)gol & () (1)} (2.17)

We remark that the choice (2.15) for go can generate imaginary fixed points g* under
the RG transformation, as we will in fact see in § 4. This is however an artifact of the
transformation, as relevant quantities are given in terms of a series of powers of A and
hence of even powers of g, leading to real values.

3. Perturbation expansion and renormalisation of the theory

3.1, Feynman diagrams for the relevant irreducible vertices

The Lagrangian (2.16) and (2.17) can be regarded as an (n + 1)-vector ¢3-ﬁeld theory
Lagrangian by introducing the (n + 1)-component field

¢=(¢1,---,¢m¢)
with masses
ro1="ro, Yo ="Vos . vy Fon = To, fon+1=0,

and rewriting the Lagrangian in the form
” i n+1 n+1 n+1 .
Li¢1= [ ax(1Y b @P+1 Y T @F+500 Y Qudtod®b), G
i=1 ifk =
where
Qi =3[8;(1~ 8;n+1)81.n+1 +2 permutations]

is a tensor symmetric in all three indices.
Green functions can be defined by

N,L 1 A 7
GEl,'..zN(kl...kN,pl...pL)=—L<¢( D e biy (k) (p1) ... d*(pL))

and their perturbation expansions written down as power series in the coupling constant
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go, each particular contribution being represented by a Feynman diagram, drawn and
calculated according to the usual rules (Amit 1978).
The bare propagators are

Goilk) = 1/(’0i+k2)

and it turns out in the end that only two of them are distinct, representing the bare
propagators for the fields ¢ and ¢:

Gik=——  Glk=gz  (=0itk=0) (32)

Here, they will be represented diagrammatically by a single full line and by a single
broken line, respectively.

Drawing and evaluating diagrams is easier if the interaction vertex is represented by
a point at the meeting of two single full lines, carrying momentum labels k; and k. and
the same spin label /, and a single broken line carrying momentum label k3. In drawing
graphs we must then remember that only lines of the same species can be contracted
into pairs, and in evaluating them we include a factor —(1/3!) goé (k; + k> + k3) for every
interaction vertex. Combinatorial and symmetry factors will be calculated in the usual
way, taking into account the above remarks.

As we are interested in the » =0 limit of the field theory, loop diagrams will be
excluded from the perturbation expansions in the main calculations.

In this limit, non-vanishing Green functions of interest are

Go(k, —k) = {(¢:(k):(~k)),

G —k) = Wk >
n-0
G2 (ky, ko, p) = (i (k1) i (k2)5° (D)), (3.3)

G opuker, koo, k3) = (b (k1) b (k) (ks)).

The one-particle-irreducible (1p1) parts of any Green function can still be obtained from
a generating functional I'[, ¢, t]. This is defined through a Legendre transform of the
generating functional F[h,j, t] for the connected parts of G™", which is in turn
constructed from the Lagrangian (2.17), adding a source term of the form

[ ax th) B0+ + S P, (3.4)

The transform T is defined by

Tléb, &, t1+F[h, j, t]= J dx[h(x) * b (x)+j(x)d(x)], (3.5)
with

{q& (%)= 8F/8h;(x), {h i(x)=8T/8h:(x), (3.6)

Yix)=8F/8j(x), j(x)=8T/8¢(x).

By successive differentiations of equation (3.5), we can still prove that the relationship
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between connected Green functions C™"' and their 1p1 parts ™" is given by

CNB (kv knypre..py=—Y C& (k... CE (k)TN ks .. keny D1+ 2 pr),

L f1edN
JTieIN

Lcifz? (k1, ka; pr) = 2. CE) (k)CE, (k)T (ks kas p), (3.7)
iij2
where the indices i, and j, refer to components of the (5 = (¢p, ) field.

We can at this point draw the diagrammatic expansions for the 1p1 parts of the Green
functions (3.3) in the #n = 0 limit; to order two-loops, these are shown in figure 1(a). The
diagrammatic expansion, to order two-loops, for the vertex I"ffl,),(k) is drawn in figure
1(b) for the general n case.

@ RAN f'—-\\‘ ll, 7N \\
k)= - - h — - R - { 1 —
\s_,o
LI RN T A"~
Pty ’ s\ ., la N,
2,1 ’ Y ’ \ g4 1N D
Tas (k1 ko) = % +r —+ § b+ —+ i§“ —+12) —“}“‘—“—‘L—‘
/’——\\\ //'—\\
s N JEE N
+ ) § ad +(2) +*
>\\ =l
\
- Yy TTTTT T
> o ] 3
(3) _ \ Y] ~
P8k, k)= = =wmeeg = =g } = = W i) K
. / /
s 7
s ~
N mmem- N,
-“ \\
~
- mm——— 4} V=) \ | I
e’/ I/’
r/ rd

Figure 1. (a) Two-loops order diagrammatic expansions of I'Z}, T'%", TS, in the n =0
limit.

e O S O SR @ S8

Figure 1. () Two-loops order diagrammatic expansion for l"h,z.z (the 1p1 part of the dressed
interaction) for general n.
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As usual, the wiggly line ~mw represents a ¢ insertion and the numbers reported on
certain graphs represent their multiplicity numbers, when different from one.

We remark that in all the diagrams drawn for the 1P1 parts the contributions of the
external legs must not be taken into account, and we stress the fact that the term 1P1 here
refers both to ¢- and to ¢-body cuts, as it should from definition (3.5) of the generating
functional . This completely irreducible character of the vertex functions '™ for the
present theory will be partially lost for the Coulomb interaction theory (see appendix 3).

3.2. Primitive divergences and critical dimensionality

We start by illustrating our renormalisation technique.

As explained by Amit (1976, 1978), we can learn about the critical behaviour of our
theory by looking at the ultraviolet divergences of the momentum integrals in our
Feynman diagrams when the cut-off A is extended artificially to infinity, this being the
essence of the dimensional regularisation procedure. The integrals, with no cut-off, are
calculated for values of the dimensionality d for which they are finite and then
analytically contirued in all the complex plane spanned by 4. Ultraviolet singularities
then appear as poles of all orders in the variable d.—d = ¢, where d. is the critical
dimensionality of the problem. To determine d. we look at the primitive uv divergence
of a general Feynman graph of a vertex function with E external legs, » interaction
vertices, [ internal lines and L loops (all of unspecified origin). Then we have: primitive
uv divergence ~A5, where

8=Ld-2I, L=I—-(r—1), =3 (3r—E),
so that

8=—r8:+(d + E —3Ed), 83=3-1d. (3.8)
In field-theoretic language, d. is defined such that for d <d. the power of the uv

divergence, 8, does not increase with the order r of the diagram. This entails §; = 0, and
if we write 83 = 3(d.—d), then from (3.8) we find

d.=9, (3.9
which means that our expansion parameter has to be
e=6-d. (3.10)

We remark that the critical number of dimensions for the polyelectrolyte, found here by
field-theoretic arguments, agrees with the value proposed by de Gennes (de Gennes et
al 1976) on more physical grounds.

3.3. Renormalisation of the theory

According to the general renormalisation theory, our theory is renormalisable for
d <6, when only a finite number of parameters is needed to convert the theory to one
with all vertex functions finite at every order.

To find out the primitively divergent vertex functions, we observe that at the critical
dimensionality d = d. the power of the UV divergence of a vertex ['®* becomes, from
(3.8),

§.—2L=6-2E-2L, (3.11)

where L is now the number of ¢ insertions.
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Thus, primitively uv divergent vertex functions will be those for which6~2E -2 =
0. Inthelimit n = 0, only the functions I“(z), I'>Y and T'® must be renormalised. To find
out how the renormalisation has to be done, we first confine our discussion to the critical
theory, ro=ro., in which the renormalised ‘mass’ r is zero. As is well known, this
situation corresponds to the case of an infinitely long polymer (des Cloizeaux 1975), for
which the relationship N ~ (ro— rOC)"1 is expected.
We have then to introduce into the problem an arbitrary momentum scale, «, so that
the bare and renormalised coupling constants can be written in terms of x and two
dimensionless expansion parameters:;

go=wok %, g=wk"? (3.12)

Together with the dimensionless renormalisation function wo(w, ) we introduce the
vector of parameters

Z,{;(W, 8)=(Z¢a1’ Zzbzs L 9Z¢,.7 Zw), (3.13)

representing the field renormalisation functions, and a last renormalisation parameter
representing the ¢ >-renormalisation function Z,2(w, ¢).
We then expect the renormalisation prescription to be of the form

TiNE vk s wy e, k)= ZHPZH2 . Z2Z 5 T (ks i 80)s (3.14)

i1, 0N

the index i, referring to one of the ¢»- components or to . However, since all the
masses of the components of the field ¢ are equal to ro in the bare theory, we expect that
only two components of Z; are distinct, i.e. we must have

Z¢i=Z¢ fori=1,2,...,n; Z.l,?éZd,.

To check that we are using the correct renormalisation procedure, we put (3.14) in
terms of counter terms. Since we have

C® rlki, ka)=Z7 P Z72CR), ks, ko), (3.15)

as we can see from Eij,?R (lc)I“ﬁ,-zz)R(lc)=¢‘)‘,41,-2 using (3.14) for F}?Z)R(k), the renor-
malisation prescription for the connected Green functions, as derived from insertion of
(3.14) and (3.15) into (3.7), will be

CNr ki piswhe, k)= Z3 2 Z 3P Z 500N (ki pis go). (3.16)
Hence, the renormalised field theory may be derived from a new Lagrangian, which in
the (n +1)-component field formalism will be given by

” ” n+1 ”
L. h 1= LI8]- | &x( T W@ +3 06 IF), (3.17)

with L[] given by (3.1) and
hi(x)=Z7"hi(x), 1'(x) = Zy2t(x) (3.18)

new sources.
Redefining the field components according to

bir(x)=Z7"¢i(x), (3.19)
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the Lagrangian (3.17) can be written as

L1, b 1= Laldel- | dx(T kb +hok) +cr, (3.20)
where

Lo[d1= [ ax (32162 432 V8 36 T Quddd) (3.21)

is the renormalised Lagrangian with new masses », and coupling constant g, and the
counter terms, CT, are given by

1 " 1 -
= J dx(i 2 (Zirgi — ri)d’izR +5 z (Z, - 1)(V¢iR)2
1 A A A
+ 3 Zk Qi (8023/221‘1/22}/2 —8)birdirdir — 3 ZoZs> 1)f¢121> . (3.22)
Vi
In terms of the fields ¢ and ¢, these counter terms are

cr= J Ax[3(Zr0—rs)b* = i + M Zy —1)(Vp)

+3(Zy ~ 1D)(VY) + (1/3)(80ZsZ ) — ) ° ¥ ~3(ZsZy2~ Vi), (3.23)
If we now consider, when writing down the perturbation expansion for a vertex Fffvf,l,
that there is no way to distinguish one ¢-component from another, but that any
¢-component contributes differently from ¢, we realise that any iterative procedure to
construct counter terms (Amit 1978) would lead us to the counter terms given by (3.23)
for the present field theory.

4. Renormalisation group and calculation of the exponents near dimension six

4.1. RG equations and scaling

The renormalisation prescription for the critical theory, equation (3.14), states that as
e -0 the renormalised vertex functions are finite, order by order, in the perturbation
expansion with w as expansion parameter. This must be true independently of the
momentum scale «, and this condition gives rise to the RG equation for the critical
vertex:

(24800 =2 5 00+ Lyaeon) ) T Ronthis i 1) =0, @1

where the Wilson functions are defined as
Bw) =k (0W/0K)w, = —3e(31n wo/ow) ™,
vi,(W)=k(@In Z, /oK), =B(w)dn Z; /ow,
Yo2(W) = —k(81n Zy2/0K )y = —B(w)d1n Zy2/ow. 4.2)
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If Ti{N2 has N, ¢-external lines and N, y-external lines, (4.1) then reads

a d
(K 2+ Bw) 3= Nova(w) - 2Nm(w)+Lw(w)> (VD _0,  (4.3)
where yy4(w)=B(w)dln Zy/dw and y,(w)=pB(w)3dln Z,/dw. For the non-critical
functions (ry 5 ro.) We use an expansion of '™ in powers of 8rg = ro~ ro. with critical
™5 as coefficients. Since the ‘temperature’ shift 87, applies to ¢-fields only, ¢ being
a massless field anyway, we can use the usual expansion (Amit 1978)

o0

F(N)INR(kU t W, K ) Z

p) OL,Fff’L.,lR(kl,me;w,K) 4.4)

where t = Z 8r0
Consequently, the RG equation for non-critical T'"""*s will be

(K5 BN 2= E Ny (00) = INira )+ 76200 2 T ks 6w, ) =0, (49)
K aw

Thus, for pure ¢-component vertex functions (N, = 0), the RG equation is the same as
for a standard single-field theory. Using Dyson’s equation, F(Z)(k) =[Cg4s & (k)] and
the well known analysis of the scaling properties of the solution of the RG equation for
the case N, = N =2, we deduce that the function C%) (k) satisfies scaling. Namely,

Co(pk)=p " C3 (k),
Co (k, )=k " Vf(kg), with £ ~ 177, (4.6)

where n and v, given by

n="7vs(w¥), v =2 yer(w*), (4.7)

are the critical exponents and the fixed point is still defined by the condition g{(w*)=0.
All other scaling relations hold in the same way as in the ordinary theory.

4.2. Calculation of the exponents in the n =0 limit to O(e?)

To calculate the s-expansion of the exponents given in (4.7), we need to know the
Wilson functions B{(w), v4(w), ys2(w), and the renormalisation functions wo(w, &),
Zs(w, €) and Zz2(w, £). We find these by using the method of minimal subtraction of
poles for dimensionally regularised vertices.

Since, in the n = 0 limit,

(2)(k)_____ - _____k
is finite, we have
Z9(w, e)=1. (4.8)

Hence, the renormalisation conditions we need are, from (3.14),
T@rlksw, e, )=ZP TG (k; wo, €, k),
TSRk, kas wy &, €)= ZLZ BT S ks, kz; wo, €, k),

dxbd/R(kl, k2, w, g, K) Z(O) ng’w(kh k2; Wo, €, K)- (4-9)
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Since bare functions are dimensionally regularised, they contain poles of every order in
e. These must be cancelled, order by order in the perturbation expansion in powers of
w, by similar poles in Z,, Z,2 and in wo(w, €), since left-hand side functions in (4.9) must
be finite when ¢ = 0. This condition allows us to determine the coefficients of Z;, Z42,
wo in their expansions in powers of w. As they must be momentum-independent, the
calculation of these coefficients provides a careful check on the way the perturbation
expansion and the renormalisation of the vertex functions has been done. Also, since
the functions B, v4 and y,2 must be finite when ¢ - 0 and they are given by combinations
of wo, Z, and Zy2, we must verify in the calculation of the Wilson functions that
higher-order poles in ¢ do cancel, thus providing another powerful check (Amit 1976,
1978) on the way we operate.

The calculation starts with the expansions for the relevant vertex functions, whose
diagrammatic representations were given in figure 1(a). To order two-loops these are

m(k wo)=k>(1—A wi—Awg +...),
T3 ke, ko wo) =1+ Ciwd + Cow +

TGhulks, ko wo) = 3wok *(1+Biwi +Bawg +...), (4.10)
where
1x k 1 &2 k k
Ar= 9k211(> AF@W[DI(;)“%(;)J’

By = Cy=5D(ky/k, k2/),

2 k1 kz) 1 (k1 k2> 2 <k1 kz) 1 <k1 kz)
- C,= AINLEA BRSO i) pet a 1
Bi=Co= g7 D11 50) + 51 Ds Tl ter Pl ) @b

the one-loop (I, I;) and two-loops (Ds,...,De) integrals corresponding to the
diagrams drawn in figure 1(a).

Incidentally, these integrals also appear in Amit’s calculation for the Potts model
(Amit 1976) and with the same e-expansions, although there they are associated with
topologically different graphs. From (4.10) we deduce that the parameters wo/w, Z o
and Z f% must have odd power coefficients equal to zero, in their expansion in powers of
w:

Wo=W (1+a2w2+a4w4+ )

(0) =1+byw’+baw’+. Zfz =1+cow’+eaw+..., 4.12)

where the a;’s, b;’s and ¢;’s, like the A;’s, B;’s and C;’s, contain poles of every orderin ¢.
The requirement that poles must cancel, order by order in w, when (4.10) and (4.12) are
substituted in (4.9), gives

ba=[A1], ba=[Ar+(2az+byA1l,
c2=—[(br+ Cy)];, c4=~[Co+2az+br+c2)Cr+ba+ bacsls,
a»=—[b>+ Bl as=—[Ba+Bas+b3)Bi+ bs+ axbs]s, (4.13)

where [A]; means the singular part of A, as a function of e. We now expand to the
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desired order the integrals Iy, I; and Dy, ..., Ds in their poles in the variable ¢, that is
Li(k)=—(k*/3e)(1 +15e —3¢ In k%) + O(e),
Lk, k2) = (1/e)[1—3e — La(ky, k2)e]+O(e), (4.14)
where

1

1
Lolky, ko) = J dxj dy#(l1—-x—y)In[x(1 —x)k? +y(1 —y)k% +2xyk1ks],
o 0

and
Di(k)=—(1/3eD)k*(1+3e —¢ In k%) + O(e?),
Dy(k) = (k*/18%)(1+He —& In k) +O(e?),
Dj(k1, k2) = (1/26)(1 =3¢ —2eLa(k1, k2)) + O(e”),
Dk, k2)=(1/2¢)+O(e"),
Ds(ky, ko) =—(1/6e)[1~13e —2eLy(ky, k2)]+0(e?),
Ds(k1, k2) = (1/2e>)[1—3e —2eLy(ky, k2)]+O(e"). (4.15)

If we substitute these integrals into (4.11), we then verify that coefficients (4.13) do not
contain momentum-dependent terms, as these mutually cancel in the calculation. The
expansions (4.12), up to the required order, for the renormalisation functions can now
be written down explicitly; they are

_ [1__L 2+<_2,l_6_71>w4+ }
Wo=w 275W 3°e? 2°x37¢ T

1 5 1 13 1
) _ - 2 - el 4
Zo =l-gpow +(2><3"’s2 23><375>W T

o 2, (21 67 1>W4+

e L (4.16)

Introducing these expansions into the definition (4.2) of the Wilson functions, we find
that these last ones have the correct e-dependence, as cancellations of higher-order
poles in their formal expansion coefficients do occur. We have in particular

BO(w)=—sw(e+3 w>+(67/3")w*+.. ),
v (w)=mw+(13/2°x3)w'+. ..,
YA (w)=—w*—(67/2x3)w*+, ... (4.17)

At this point we start looking for a non-trivial fixed point (NTFP) near £ =0 (d = 6), and
verify its infrared stability (Amit 1978). Solving

e +3w+(67/3)w*=0 for e >0,
we find a NTFP for

(w*)? =&~ (3" x67/4%)¢” (4.18)
which is IR stable, as

w=B"(w*)=¢—(67/2*x3)e*>>0 for £ - 0. (4.19)
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The e-expansion for the critical exponents will then be, to order .92,
=23 +0(e?), n=—jic —356°+0(e?), (4.20)

and this result agrees with the one reported by Pfeuty et al (1977). We remark that, as
seen in equation (4.18), the fixed point w™* is imaginary as £ - 0, this being the result of
the introduction in § 2 of a fictitious field ¢. Nevertheless, relevant quantities, the
exponents v and 7, are real and we will see in appendix 3 that for the physically
meaningful Coulomb theory the fixed point u* = —3(w*)? is real.

4.3. An exact result for the size exponent v

The RG method we use allows one to calculate with no effort all the coefficients of the
e-expansion for the size exponent », i.e. it provides an exact result for » as a function of
the number of dimensions. It is no accident, in fact, that the &°-coefficient in the
expansion for » vanishes, or that to order w? the expansion for Z ﬁ,?% is the same as for
wo/w (see equation (4.16)).

Let us consider the ¢2w model in the case of general n. Then, as demonstrated in
appendix 2, we can show that, order by order in the expansion parameter, the following
relationship exists between the two bare functions '), and I'":

qbd)d/(kb k2’ WO) - 3WOK 5/21"(2 1)(k1s k25 WO) (421)

To order two-loops, this is particularly evident in equations (4.10) and (4.11). The same
relationship must hold for the renormalised vertex functions, so that, using the
renormalisation prescription (3.14), we can write

Tosur(ks, kas w) = 5wk 2T EoR (K1, ka; w)
= (W/wo)ZsZsswor > T3y k1, ka3 wo)
= (w/wo)ZsZs?T on(k1, ka; wo), (4.22)
from which, having
T oaurtks, kas w) = ZoZ > Tk, kas wo),
we find
ZPwolw = Zyz, (4.23)

this relationship being true order by order in the perturbation expansion of both sides.

In partlcular, in the n =0 case where Z, =1 (see equation (4.8)), equation {4.23)
shows that Z} and wo/w are not independent parameters, as they must have the same
expansion. The most important consequence of (4.23) is however the fact that it
provides an exact relation for the exponent v. If n # 0, we can verify that, in the same
way that ' (k) as solution of a RG equation, satisfies scaling with an exponent 7, given
by ve(w*), T(k) scales under a change of momentum scale with a critical exponent
given by

Ny = Yy (W*), where yy(w)=g8(w)dIn Z,/ow. (4.24)
The physical meaning of 7, for n # 0 is obscure, being related to the critical behaviour

of the Coulomb field ¢ (x), but for the polyelectrolyte problem n, =0 and n, = 7, giving
z©
=1.



RG study of polyelectrolyte chains 1371

For general n, the result (4.23) gives rise to a relationship involving the functions
B(w), v,(w) and y,2(w). We have in fact

dln wo _ 9 Jp—y _1 dlnZ,2 1 dlnZ,
B(W)-—aw —B(W)awln(wZ¢Zw )—WB(W)+3(W) o Zﬂ(W)—aw.

(4.25)

Remembering now the definitions of 8(w) and y42(w) (equation (4.2)) and of y,(w)
(equation (4.24)), this leads to the result

(1/w)B(w) = —3& + ya2(w) +3y4 (W), (4.26)

which states that 3, v42 and vy, are not independent functions. Itis useful at this point to
observe that in the # = 0 limit equation (4.26) simply becomes

(1/w)B(w) = —3e +y$i(w), (4.27)
a condition which is verified to order w?, in the expansions for ¥ and y$3, in our

e-expansion calculations (see equation (4.17)). The condition for a non-trivial fixed
point to occur is now

(1/w*)B(w*) =0, (4.28)
and leads to the relationship

Vo2 (W*) + 3y, (W*) =3¢, (4.29)

that is

-1
v —

Ny =2—36 =3(d ~2). (4.30)

Wi

Inthe n # O case, this would represent a new scaling relation between critical exponents.
However, its physical meaning is not at all clear.

In the n =0 limit, the formula (4.30) represents instead an exact result for the size
exponent of the single polyion:

v=2/(d-2). 4.31)

This is a convenient point at which to stress the fact that the exact result (4.31) is simply
a consequence of the particular form of the Lagrangian of the problem, equation (3.1),
and of the RG equations satisfied by the correlation functions associated with it. The
limit of validity of the result is represented by the existence of the NTFP, equation (4.28),
which can be established however only near the critical value of the dimensionality.

5. Conclusion

We have presented the details of the renormalisation of the Lagrangian ¢*-field theory
interacting with a Coulomb potential. Using the renormalisation approach of t’Hooft
and Veltman, the RG treatment leads to a new scaling relation between two critical
exponents of the system. In the » =0 limit, this gives rise to the exact result v =
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2/(d —?2) for the size exponent of the isolated polyelectrolyte chain, in a space whose
dimensionality is very close to d.=6. As first pointed out by Pfeuty et al (1977), this
result differs from the Flory-type value v =3/d obtainable through self-consistent
calculations.

As in many other RG calculations, we are tempted to extrapolate the result
v =2/(d —2) to lower dimensionalities, although we cannot verify the existence of a
stable fixed point below d. = 6, this being a necessary condition for the result to be true.

The extrapolation procedure proves to be a successful one for the neutral, excluded-
volume polymer, for which d,= 4. Extrapolated to d = 3, the e-expansion for the size
exponent v, rigorously true near dimension four, gives the result v =0.592 to O(e %) (des
Cloizeaux (1975) and reference therein). This resultis in good agreement with the most
recent and accurate experimental value » = 0.586+0.004 (Cotton 1980), which is in
turn quite different from the Flory result » = 0.60.

For the polyelectrolyte chain, the extrapolation seems to be unacceptable below
dimension four, when the value » =1 is recovered. In three dimensions the radius of
gyration would grow as N ? faster than the chain linear length L = IN, as N - 0, and this
is unphysical. Pfeuty et al (1977) have provided a phenomenological decimation
procedure to show that no finite stable fixed point appears to exist below d =4. These
authors also argue that for d <4 the polyelectrolyte chain reaches a new rigid behaviour
with v = 1, although no rigorous support for this quite reasonable result has been given
yet.
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Appendix 1. Alternative direct proof of the zero-component field equivalence for an
interacting polymer chain

Let us consider a polymer chain of length L interacting with a potential V(x —y). The
probability distribution function defined in § 2 can be alternatively written as

G(R, L, \)=5— j Dr8(R —r.+ro) exp [ 2 LLds(d’_(S)>2

Z(L) 21 ds
L L (Al.1)
_5% J.O ds'ds"Vir(s)—r(s")]-8 J.O dsA[r(s)]},
where
Z(L)=fDr exp[—%des (d;—(:)>2] (Al1.2)

is the partition function for the ideal chain, 8 = (kg T)"" and A(r) is an external potential
introduced for mathematical convenience. The physical probability distribution is
obtained in the limit A(r) = 0. We can obtain an ‘equation of motion’ for G(R, L, A) by
considering its change when the length of the chain is increased to L + 8L, with 6L - 0.
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After some algebra, (Al.1) becomes

G(R, L +5L, A) = m J‘ Dr dl'L+5L6(R —rL+,5L+ro)
oy [(onteo]
= _ = ' " P ey dsA
Xexp[ 27 J:) ds( s 27 ), ds'ds"V{r'—r") -8 ; sA[r(s)]
Y L
Xexp[ _3 Greemn)’ B SLJ ds V[rL—r(s)]—BSLA[r(L)]].(Al.S)
21/ SL [ 0
If we put R’ =R —(rp.s —rr), We obtain the following integral equation for G:
Z(L) .[ , ( 3 (R'-R)’ )
_—— — +
G(R,L+68L, A) Z(L+oL) dR' exp 57 3L BSLA(ro+R'")
X G[R', L, A(r)+(8L/I>)V (ro+R'—r)], (A1.4)
where
Z(L+8L) J ( 3 (R’—R)Z)
—_ ! —— . 1.
Z0) -> | dR' exp Y as 8L ~»0 (A1.5)

Equation (Ai .4) is now simplified by the development of both sides to first order in §L.
Taking into account that on the right-hand side we must also develop G(R', L, A)
around R' = R, we obtain

9 1, w2 1 J‘ 8G(R, L, A)
— == — + — -
L GR,L,A)=5bV"G(R, L, A)+l2 drV(R+ro—r) SA()
_BA(‘i +r0)G(12a L, A)y (A1.6)
where
L&) Z<L>lj (R — R _3 R -R) R)2>__’
bSL = L+ol)d dR'(R'—-R) exp( 3 oL —36L. (A1.7)

If we put ro=r', ro+ R =r", we can write the equation for the Green function in the
form

3 ) 2) 1 J’ G, r', L, A)

—_— mo_ - _ "__ —— 20 Al.
(+BAM =g %) G r, L n) = [ drvir—n e ., (ALS)
subject to the boundary condition

lim G(R, L, A)=8§(R). (A1.9)

L->0

This equation is now in a standard form (cf Kadanoff and Baym 1962, equation (5.12)).
We show explicitly that it is the equation satisfied by the Green function of a
zero-component ¢ *- field theory with interaction V(x —y).
First, we introduce the Laplace transform defined by equation (2.8). As a result of
equations (A1.8) and (A1.9) it satisfies

(“-;+3A(r")—g’v2) G(r', ¥y s, A)—% j arv(r—r) 28T N sy,

SA(r)
(A1.10)
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From this equation it is possible to expand G in powers of the interaction V to obtain
the usual expansion, but we choose to compare the equation directly with that derived
from a ¢*-field theory.

The Lagrangian for the ¢*-field theory with an external potential A(r) is

%= [ arlval i+ A0TSR + 3 [ ar dru - Pls RS (IE, (ALY
where

6= (6, VeP= 3 Ve’ (A1.12)
The corresponding Green function is

Gyr, ¥, 1) =2 [ Db exp (- )6 (1)), (A1.13)
where

4 =J D¢ exp(—&£) (Al1.14)

and the integration is over all values of ¢ (r) at each field point . To obtain the equation
for the Green function, consider the quantity Q; defined by

Qyrr)=2" j Déb &,(r') —>— exp(~Lb ). (AL.15)

5
8¢i(r)
Direct evaluation yields

Qur, )= =2 [ D () = T61(r)+ [ro+ A1)

+% '[ dr'u(r— r")¢i(r)’¢(r”)l2> eXp(—i’)

=—[ro+A(r) —Vz]Gij(r’ r',A)

71
- [ Do 8, [ arutr =)0l () exp(-2). (A1.16)
However,
o)
sh Gilnr M=z de: &(F)| b (P2 bi(r) exp(~ £)

+3Gy(r ', A Y, Gu(r", 1", A) (A1.17)
4

where the last term comes from the differentiation of Z. From equations (A1.16) and
(A1.17) we see that

Qyi(r, r') = ~[ro+ A(r) = VZ1Gy(r, 7', A)
1 8
3' J dr'u (r—r”)( 8A( " Gii(r ', A= Gy(r, 7, A)Z Gu(r", v, A))

(A1.18)
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However, Q, can also be evaluated by integrating equation (A1.15) by parts over the
variable ¢;(r). This leads to

Qu(r r'y=—8;8(r—r). (A1.19)
If we note, too, that
G,‘j(r, r’, A) = SijG(r, r', A), (A1_20)

we obtain the equation for the Green function,
8G(r,r', A)
A(r")
=8(r—r). (A1.21)
With » =0 and a scaling and proper identification of the variables, this equation is

identical to (A1.10) and shows that the polymer problem is equivalent to a zero-
component ¢*-field theory.

[~V +ro+ ARG, ', A)———J' dr'u (r—r”)(2 -nG", ", NG, r, A))

Appendix 2. Proof of the relationship I'Sy,, = 3gol’ %2
The relationship (4.21) between I'Gs, and T'$, is at the origin of the exact result found
for the exponent ».

It can be proved to be true for all values of momenta k; and k» by making use of
diagrammatic perturbation theory ThlS turns out to be a lengthy and rather involved
proof, since for every diagram of T'G w and of I‘M,” having the same topological form we
have to prove that all factors, in particular symmetry and combinatorial ones, match
properly,

A more direct proof can be given by exploiting the form of the Lagrangian (2.17),
although the method holds for k1 + &, = 0 only. Our task is to prove the following two
relationships for general #:

1 8
T ok, k,o;ro,go)=§g05;5r<2) (k, =k Fo, 8o)s (A2.1)
d
Tgs"(k, =k, 03 1o, go) = =T a(k, ~k; 70, o), (A2.2)
0

since from these, equation (4.21) immediately follows.
Equation (A2.2) is actually true for any massive field theory with a term of the form

Lr, j dx[e (x)P

in the Lagrangian.
With notations from § 3.1, we have in fact

2

88 (k)5 (—k)

where, for the sake of simplicity, ¢ is considered scalar (although everything holds for
general n) and the symbol |o means that functional derivatives are evaluated for the
equilibrium values of ¢, ¢, and . Differentiating now both sides of equation (3.5) with

(2)(k k)

(s-118.3.11)| (A2.3
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respect to ro, but keeping @ and ¢ fixed, we can easily establish
d - - é ,
a—_r[d’a W, []=__F[h5], t]' (A2~4)
ro aro
The functional F is now defined as F =1In Z, where
1 -
ZUhjd=5 [ Dbex(-L=5).  Zo=[Déexp(-L. (a29
L being the Lagrangian of the field, S the source term (3.4) and ¢§ indicating the totality
of fields. From (A2.4) and (A2.5) we have
2 118,5,1= 5= [ DAI-1670)] exp(-L =)
ore T 25,1 Zo 20 (O exp
—— [ DéI-1620exp(-L) = - 2+ 4670,
Z, 2 p 51(0) bl
that is
al'/éro = 8T/51(0) - (36°(0))°, (A2.6)

where 1(0) =tk =0), ¢*(0)= ¢2(k =() and where ¢2(k) is the Fourier transform of
[¢(x)T’. Introducing (A2.6) into (A2.3), we have

Kl 8T

(2)
o k) = S sg (—k)er

(2 1)(k k 0)

which proves (A2.2).
To prove (A2.1) we take a Lagrangian L of the form (2.17) with source term S given
by (3.4). We then write, as in (A2.3),

_1_ 9 @ ___62___ 1
S805 L@k, —k) = e k)( rw, J, z]) (A2.7)
Proceeding as before, we find that
(IS G
ggoa—"or_ 3g08r0F
I S B R -
~Zh g, 1] ZOJDd’(s!gOd’ (0)) exp(~L-$)
1
ZOJD¢< god (0)> exp(—L). (A2.8)

Because of the form of Lagrangian (2.17), we can write down the following equation:

()—=—J‘ Dé exp(—L—S)

8
50k
= [ D( - kw0 -5 g0 () + (=) )exp(~L=S),  (A2.9)

which inserted into (A2.8) for k =0, gives
3800l /oro = j(0) = 8T/8¢(0) (A2.10)
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and, from (A2.7), we finally obtain

8°T =Tk, —k, 0)
8b (k)8 (—k)d(0) I~ V™ 7

1 9 @
3 80 ore [golk, —k)

Appendix 3. Renormalisation and calculation of the exponents for the Coulomb
theory

We briefly present here the renormalisation of the Coulomb field theory and the
deduction of its critical exponents in the n = 0 limit. Beside the fact that the theory is
non-trivially renormalisable, the calculation of the critical exponents provides further
checks on the RG procedure we use, ¢onfirms the existence of a real NTFP near
dimension six and gives results in agreement with the calculation of § 4.

Green functions are now defined for the components of one single field ¢ and
perturbation expansions for them are represented in terms of Feynman graphs in the
usual way. For the Coulomb theory the interaction vertex is drawn as a dotted line,
representing the factor v(k), with two pairs of full lines carrying momentum and spin
labels.

Since ¢ is a fictitious field, it turns out that Green functions involving ¢-
components only must have the same perturbation expansion in both formalisms, when
the relationship g§ = —3Ao is taken into account. For the same reason, diagrams must
be topologically identical in both theories, although in the present case dotted lines
represent interactions rather than free-field propagators.

In principle, expansions for the 1p1 parts of the Green functions involved change
when the Coulomb theory is considered, as these vertex functions are now defined with
respect to ¢p-body cuts only. This is because 1PI parts are generated from a Legendre
transform of F which is referred to é-components only (see equation (3.5)).
Consequently, as for any non-point-interacting theory, we have 1p1 parts which are not
reducible with respect to their interaction lines. This feature generates a non-trivially
renormalisable theory.

A3.1. Renormalisation of the theory

The same kind of primitive Uv divergences analysis as in § 3.2 allows us to conclude that
8(Uv)=—r(6—d)+(d +E -3Ed), (A3.1)

from which we deduce that we still have d. =6, hence ¢ =6 —d, and that the relevant
primitively divergent vertices for £ =0 are O and Q*" (by Q™" we now denote the
1p1 parts of a Green function G™", with respect to ¢-body cuts only). However, it is
not difficult to see that also the reducible part Q9 of the four-point vertex O diverges
as A - o0, thus providing the third renormalisation condition.

As can be seen from figure 2, where the #n = 0 diagrammatic expansion for Q“ is
given to order two-loops, the UV divergence of O™ is due to the interaction line that
makes its diagrams one-particle-reducible by not carrying any internal momentum.
This feature is not found in (A3.1) where it is supposed that every interaction line
carries an internal momentum,
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1 3 .
\
- -t = "
4 N ~
Q( )(kl’ k29 k3’ k4) = = ==-=q+ Zperm =r--- ’* 5 perm - 12) ’\4' + 5 perm
4
1
/
2 A .
5\\ ——_——— \\ \\\
) ~ N ~ , N
\\, N l \I \ { - \
= F-=m=1 .0 + Sperm  ~{2) ) + 5perm - == } o)+ Sperm={ - Ij+2perm
“ ) P ~ -
/’ ,’ //
™
[P, +5perm = p-===d+ Sperm /|+ S perm « ...

-

Figure 2. Diagrams contributing to 0 to order two-loops for 1 = 0. Those contributing to
0™ are drawn in the first two lines.

To find out the correct renormalisation procedure for the present theory, we will use
what we have learnt about the related ¢ ¢ theory. We first observe that we must have,
for general n,

QP(k) =T 3(k), Q%D (ky, k) =T 55" ks, k2), (A3.2)

since one-particle-reducible (with respect to ¢-body cuts) diagrams in 0®and 0% do
not contribute. Furthermore, if

Ky
e @ F_.
d>d>d/(k1’ kp)" -=-- C-J/d/(k = :'.'?:_- (/\33)
#2
then we have, for general #,
1 3
fo) (k1. ky) = :#:: + 2perm = ——= s - :' + -O'- Ak
2 4

which we can write in analytic form as
OF ky. . k)= T3 s ulkis k2)C oy (k1 + k)T S 4, ok, ks)+2 permutations. )
(A3.5

We know from § 3.3 how to renomalise the vertices iy, T’ ;Y and Fﬁw for general n.
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Observing that _
Cir (k)= Z,'C k), (A3.6)

we are now ready to write down the renormalisation prescription for the relevant
vertices O, 0% and a®.

There are three renormalisation parameters, uo(u, £), Zs(u, ¢) and Z,2(u, £), where
uo and u are dimensionless coupling constants defined by

Uo= Aok %, u=2Aax " (A3.7)

These parameters must be the same as those defined in § 3, once the transformation
we = —3ug, w>=—3u has been performed. As expected, the parameter Z, does not
intervene and we find

Ok u, £, k)= Z,QP(k; Ao),
QR Vs, ks u, &, k) = ZoZ50% P (ky, k23 Mo,
O imks ks w8, 6) = Z2 QP (ks ks Mo, (A3.8)
which looks rather like the ordinary renormalisation procedure for the point-intefac-

ting &*-theory, except that now only the reducible part O™ has to be renormalised.
This can be seen for N >4.

A3.2. RG and calculation of the exponents to O(e?)

From the given renormalisation prescription we deduce that a RG equation can be
written down both for the critical (ro=roc or r=0) and non-critical vertices. In
particular we deduce that Q0? satisfies scaling properties and critical exponents can be
defined in the usual way. The limit n = 0 is here considered in the calculation of the
exponents n and » to O(?%). We need to know the first terms in the expansions for the
Wilson functions, here defined as

B(u) =k (3u/3K)uo = —£ (@ In uo/3u)™",

yS (w)=Bu)3n Z3 /8u, y$2 (u) = —B(O)(u)a In Z$3/8u, (A3.9)
so that we will have for the exponents: n = v§ (1*), v ' =2 — y{3 (u*) where u* = NTFP
for B V).

The calculation proceeds within the context of minimal subtraction of poles from
conditions (A3.8) with bare functions dimensionally regularised.
To order two-loops we have

QPk)=k*(1 + ugA1—usAr+...),
Q%Y k1, k) =1—uoCr+udCo+...,
QP (k) = uok“(B1— uoBa+ u3Bs+...), (A3.10)

corresponding to the diagrams drawn in figure 2 for O® and to the diagrams in figure
1(a), opportunely re-evaluated for the present theory, for Q? and Q%Y. The
coefficients A, B; and C; are in this case given by

At aebdo ol

W‘!K
(&
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Cl = 112<l_<—11 &>9

3 K K

1
D (kl kZ) _D4<Z<_1 E>+EDS<E,E&)+1D6<E,E),
K 9 K K

K 9 K K

C2=

B ———
'T3 (ke + ko)

1 I<k3 i+ ks
(ky+ ko) 7
1 1 ks ki+ks 1 1
Bi=— —— (—, )+11 b ——
3 it ko ° Perm T kit ko)’
ks ki+k, 1 ks ki+k,
DK ) s perma L L p (ks
N\« K perm 27 (ki +ko)? K
1 1 <k3 ki+ks
27 (k1+k2) K

k ki+k ks ki+k
Iz( : —1-——2>Iz<—3,—1K——2>+2perm (A3.11)

2

9

1 1

3 >+ 2 perm,
1

9

B;= > +5 perm,

K K

>+11 perm

>+5 erm+-— 1 ;
P 27 (ki t ko)’

K K K

where the one-loop integrals Iy, I> and the two-loop integrals Dy, . .., Dg are the same
asin § 3.
The three renormalisation parameters are now expanded as power series in u:

uo=u(l+aiu+au’+...),
ZY =1+biu+bu’+...,
ZP =1+ciu+cu’+..., (A3.12)

where the a;, b; and ¢; are determined by the requirement of minimal subtraction of
poles. We have, with usual notations,

by=[-A4l, br=[Ax—~A(a1+b1)]s,
c1=[-b1+Cils ca=[(a1+b1+¢1)C1~Cor~br—bici]s,
2(a,1+b,)B,—B
a,=[-2b:+By/B];, a2=[ (@ ];) 2 3—2b2—2b1a1—bf}. (A3.13)
1 5

Introducing for the A, B; and C; their expressions (A3.11) in terms of momentum
integrals, and for these their £-expansions reported in equations (4.14) and (4.15), we
can verify that momentum-dependent terms, when all permutations are taken into
account, do cancel. The renormalisation parameters (A3.12) are then given by

[14-i +(1—6——1—— 07 1) >+ ]
Ho=u 9: 4 T\81 2 6x81e/" Tl

s 113 1) .
9x18 ¢2 9x12x18 /™
21 67 l) 2

2762 12x81¢e)"

1
Z(O)--1+9 u+(

z9 =1+—2—u+( (A3.14)
O¢
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We remark at this point that no relationship can be observed between the expansion for
uo(u, £) and fog(u, ¢). Nevertheless, once the transformation uo=—3ws and u =
—iw? is performed, we recover the expansions (4.16) for the functions wo(w, ),
fo) (w, &) and Zfﬁ {w, £), and the relationship fo% =wo/w is observed. Finally,
calculating the Wilson functions (A3.9) from expansions (A3.14), we check once again
that higher-order poles in ¢ cancel and we obtain the expansions

BOu)=—u(e —5u+(67/3x8u’+...),
yQ(u)=—su+(13/12x8Du’+...,
vy B (u)=3u—(67/6x81)u*+.... (A3.15)

These are in turn converted into the corresponding functions (4.17) after trans-
formation of the coupling constant, making the present calculation consistent with the
one in § 4. The interesting result is that 8'(«) has a real NTFP near d = 6 given by, to
order €2,

u*=%+(3x67/4Me%+. ... (A3.16)

Again, we can check that u* = —3w*?, with w* given by (4.18); moreover, the fixed
point is infrared stable, being

0= =c-5%*+...>0 when ¢ - 0. (A3.17)
Finally, the critical exponents, by substitution of u* into (A3.15), are
n=—s —3c +0(e?), v 1=2-3e+0(?), (A3.18)

in agreement with (4.20).
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